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Abstract  

This paper introduces a novel technique of recovering an S-sparse signal from lesser number of random measurements 

(under sampled signal) using hybrid genetic algorithm (GA). The proposed method uses a chromosome-based cross over to 

produce the off springs with better fitness. The l_0minimizationconstraint is directly incorporated in population to achieve 

the desired sparsity level. The slow and premature convergence of GA is prevented with the help of modified parallel 

coordinate descent (PCD) algorithm. This hybrid mechanism of GA along with modified PCD makes the sparse signal 

recovery faster and accurate. The performance of the proposed algorithm is verified by comparing its results with those of 

PCD and separable surrogate functional (SSF) algorithms. The effectiveness of hybrid GA is further demonstrated 

experimentally by faithfully recovering a synthetic one-dimensional sparse signal. The simulation results show that an 

accurate sparse signal reconstruction is possible with hybrid GA using only a small number of observations. 
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Introduction 

A sparse signal contains less information as compared to its size 

or dimensions with the energy concentrated in only a few 

components
1
. Mathematically, the sparsity of a signal is 

represented by a number linked to the  norm of the signal
2
. 

Assuming  the  norm of a signal or vector  is 

defined as: . Strictly speaking  is not a norm 

as it does not satisfy the homogeneity property
3
. Thus the 

counting function  gives the number of non-zero 

elements in its argument. A signal is said to be S-sparse if 

. For two vectors , we say is sparser 

than if . If a signal is not sparse in the 

canonical domain, then depending on the application, one can 

use a sparsifying transform like wavelet, discrete cosine etc. to 

get a sparse version of the signal in that specific domain
4
. 

Sparse signals have the advantages of fast computation and less 

storage requirements. Practical signals are not exactly sparse, 

but are compressible. Compressible signals have coefficients 

that tend to decay exponentially when sorted in a descending 

order by magnitude
1
.  

 

In most of the engineering and signal processing applications 

such as filtering, linear regression, least square estimation etc. 

the discrete linear system takes on an input signal  to 

produce another signal  through some linear 

transformation
5
. Mathematically,   

  Or in matrix form   (1) 

 

Where  is the desired transformation matrix. We 

assume it to have a full rank throughout.  

The problem of sparse signal recovery comes under the general 

umbrella of linear inverse problems
6
. Given the observation 

signal and the measurement matrix , the algorithms of linear 

inverse problems look for the best solution under certain 

constraints. If the matrix  is square and invertible, then the 

unique solution can be found through matrix inversion. 

However, in most of the practical scenarios the sensing matrix 

 isill-conditioned with  which leads to an under-

determined system of linear equations. This can also be thought 

of as a dimensionality reduction problem. In some applications 

related to signal acquisition (such as magnetic resonance 

imaging (MRI) etc.), it  may be highly desirable to have  as fat 

matrix (less number of rows than columns) resulting in a small 

number of samples thus reducing the acquisition and scan time
7
. 

However, for such an underdetermined system, a unique 

solution does not exist as there are more number of unknowns 

than equations or equivalently the matrix has a null space. In 

order to get the original signal back, we need to impose proper 

constraints (priors) on the solution. One of the many possible 

options will be to compute the minimum norm solution using 

pseudo-inverse. This classical estimator uses the least square 

technique that minimizes the energy or  (Euclidian) norm of 

the estimated signal and has a closed form: 

 

             (2) 

 

The minimum norm solution is generally non-sparse with 

energy distributed among large number of components of the 

estimated signal
8
.  As an example, consider  and 

 then the minimum norm solution is 
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 while the sparse solution is 

with sparsity S=1. 

 

The problem of sparse signal estimation arises in many 

important areas of signal and image processing, neural 

networks, statistics and linear regression, to name a few. The 

challenging job in sparse signal approximation is to find a low 

complexity algorithm with acceptable performance. This 

involves finding both the locations of the nonzero elements and 

their values in the recovered or target signal. The term  

minimization refers to the problem of finding the sparsest 

solution given the observation vector , the sparsity S and the 

measurement matrix . Thus we can formulate the sparse signal 

reconstruction problem (for noise free case) as: 

 

            (3) 

 

The field of sparse signal approximation was revolutionized by 

the idea of compressed sensing or sampling (CS)
9-11

. CS has 

challenged the well-known signal acquisition Nyquist sampling 

theory with the claim that sparse signals can be 

recoveredexactly from far less measurements than the 

conventional methods
4
.  It addresses the issue of compression 

algorithms such as JPEG, JPEG-2000 where a large number of 

samples of a compressible signal are acquired first and after 

sparsifying it in a certain domain, most of the coefficients are 

discarded. CS replaces the conventional sample-then-compress 

framework with the idea to acquire less but sufficient number of 

samples (non-adaptive linear measurements) at the data 

acquisition that can faithfully reproduce the original signal using 

some reconstruction algorithm. This requires certain conditions 

to be imposed on the sensing matrix.  

 

For the sparse solution to be unique, the sensing matrix  

should map two different S-sparse signals ( ) to 

different locations ( ) after transformation by preserving 

their Euclidian distance. i.e. 

 This property is 

known as restricted isometry property (RIP)
4,8

 . Random 

Gaussian and Bernoulli matrices have been shown to obey RIP 

if the number of rows of the matrix satisfies the criteria of 

 for some constant 
12

. So in this context, the 

random Gaussian measurement matrices can be considered as 

universal. Thus CS theory has sparse estimation as a sub-

problem besides the stable design of the measurement matrix
13

. 

 

Solving the  minimization problem defined in (3) directly to 

find the sparse signal estimation is NP-hard and is practically 

not tractable as it requires exhaustive search of  possible 

combinations for the locations of nonzero entries in the 

estimated vector
13

.  In this paper we propose a new technique to 

solve the problem given in (3) using the combination of GA 

along with a randomized version of iterative thresholding 

algorithm to find the sparse solution. 

Sparse signal approximation algorithms 

Various computational techniques have been used to make the 

sparse reconstruction problems tractable. One simple approach 

is to recast the non-convex problem of (3) as a convex 

optimization problem. If proper measurements are taken, the  

norm in formulation (3) can be replaced with the  norm 

making it a convex optimization problem. Least absolute 

shrinkage and selection operator (LASSO)
14

 recast the problem 

of (3) for parameter  as: 

 

            (4) 

 

Basis Pursuit (BP)
15

 reformulates the sparse signal estimation by 

the following program: 

                         (5) 

 

Various software tools such as CVX
16

, 
17

 are available 

online that can be used for solving the formulation of (4) and (5) 

as a convex optimization problem.  

 

Different variants of greedy pursuit algorithms such as 

Orthogonal Matching Pursuit (OMP)
18

 and compressive 

sampling matching pursuit (CoSaMP)
19

 have been proposed by 

the researchers which iteratively estimate a better version of the 

sparse signal. For approximating an S sparse signal, these 

algorithms look for the best S columns of the measurement 

matrix that explains the target vector.  

 
 

Where is the column (or atom) of the sensing matrix 

(dictionary) .  
 

The S best columns are found through a sequential search and 

the nonzero entries of the estimated vector are computed by 

solving the overdetermined system of linear equations
20

. 
 

Another popular class of sparse signal approximation is iterative 

shrinkage. These methods do not involve matrix inversion and 

the iterations comprise of multiplication of the measurement 

matrix  (or ) with a vector
21

. Iterative hard thresholding
22

 

(IHT), fast iterative shrinkage thresholding
6
 (FISTA), separable 

surrogate functionals (SSF) and parallel coordinate descent
21

 

(PCD) belong to the family of algorithms which minimizes the 

following objective function for sparse signal approximation: 
 

             (6) 

 

Where is known as the regularization parameter whose 

value determines the sparsity of the solution. 
 

Other major classes of algorithms related to sparse signal 

reconstruction include Bayesian framework
3,23

, nonconvex 

optimization
24

, brute force
25

 and smooth  norm
26

.    
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Genetic Algorithm 

GA is a general purpose heuristic optimization technique which 

is based on the principles of genetics. The algorithm starts with 

a random group of interbreeding individuals known as 

population or generation. Each individual in the population acts 

as a candidate solution and is referred to as a chromosome. The 

elements of a chromosome are called genes. The effectiveness 

or cost of each chromosome is determined through a fitness 

function. With the help of cross over, the genes of different 

chromosomes (parents) can be combined in a variety of way to 

produce the offsprings having different fitness values.  The new 

population is formed with the natural selection by combining 

the best (in terms of fitness) parents and offsprings. In this way 

the algorithm proceeds to search for the best candidate solution 

(chromosome)
27

. Depending onthe applications, different 

variants of GA have been developed. 

 

Heuristic algorithms are preferred for the problems which are 

NP-hard. However, when the optimization involves constraints, 

the application of GA becomes more difficult as the cross overs 

are blind to the constraints
28

. Thus solving (3) with the 

conventional GA is not possible as offsprings may not follow 

the sparsity constraint even if it is fulfilled by the parents.  

 

Constraints can be incorporated in the fitness function (indirect 

constraint handling) as well as in the chromosomes (direct 

constraint handling). However, indirect constraint handling does 

not work well for the sparse problems
28

. Therefore in our 

proposed algorithm, the direct constraint handling has been used 

to ensure the desired sparsity level before and after cross over 

through hard thresholding.  

 

In spite of many achievements, one of the main problems of GA 

is the premature convergence whichis related to the loss of 

genetic diversity of the population
29

.  One way to avoid this 

problem is through mutation. However, for sparse signal 

recovery, the ordinary mutation will not work, making the 

chromosome denser and compromising the sparsity constraint. 

The proposed method avoids this problem by using the modified 

PCD algorithm when the population tends to converge 

prematurely.   

 

Modified Parallel Coordinate Descent (PCD) 

Algorithm 

PCD is an algorithm that minimizes the formulation given in (6) 

with the idea taken from coordinate descent method in which 

the cost function minimizes one coordinate at a time. In order to 

get the new solution, it updates all the coefficients in parallel 

instead of doing it sequentially
30

. The update equation of the 

algorithm is given by
21

: 

 

                           (7) 

 

Where  is a constant and is computed usually through line 

search. In the proposed algorithm we replace it with a random 

number. The starting value of the solution can be either an 

estimate of the least square solution or a zero vector. In (7) the 

term is first computed by the equation: 

 

             (8) 

 

Here is the residue and is the soft-

thresholding or shrinkage operator defined by: 

 

                                   (9) 

 

The hybrid algorithm proposed in this paper modifies the 

regular PCD to accelerate the convergence of GA. In order for 

PCD to interact with GA, randomness is introduced in it at 

various levels. Instead of taking the diagonal values of 

as the weights, the proposed algorithm uses random 

weights thus avoiding the matrix inversion. PCD is used to 

update achromosome when the fitness of the best chromosome 

does not change in a few consecutive iterations thereby 

preventing the convergence issue. So the interaction of PCD in 

the proposed algorithm is again a random phenomenon. Every 

time the modified PCD algorithm is accessed by GA, the 

residue is computed using the currently best chromosome while 

in (7) and (8) a chromosome from the current generation is 

selected randomly to replace . These modifications allow 

the hybrid GA to recover the sparse signal with an acceptable 

level of accuracy. 

 

Proposed Algorithm 

Figure-1 lists the detailed description of the proposed hybrid 

genetic algorithm. The symbol  is used to denote the 

cardinality of the vector  while represents a vector 

containing the indices of the array when sorted in the 

descending order. The notation represents the element-by-

element product and the operator sets all except the S largest 

elements of vector to zero.  

 

The program can be halted either after achieving the desired 

fitness value evaluated in step-2 (i.e. ) or after a 

fixed number of iterations. 

 

Results and Discussion 

We use Matlab as a simulation tool to verify the validity of the 

proposed algorithm. Based on the theory of CS, a random 

matrix with  is taken as them easurement 

matrix . First an  square matrix is constructed with 

random entries of The sensing matrix is then formed 

bytaking  rows from the matrix generated through Gram-

Schmidt orthogonalizationfrom the square matrix The 
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sparsity level is set to S=85 during the simulation. A one 

dimensional S-sparse test signal is produced having 

random support and magnitude for non-zero entries. All the 

results are produced for maximum of 500 iterations to 

reconstruct the desired signal from an under sampled 

measurement vector . For GA, the population 

size consisting of  N=100 chromosomes is formed with each 

chromosome comprising of 512 genes. The initial population is 

produced by merging the minimum norm solution 

with the randomly scaled basis of the null space of 

. The desired sparsity level is randomly produced in the 

chromosomes belonging to the initial population to ensure 

 For comparison of reconstruction 

accuracy, we use original PCD and SSF algorithms to recover 

the same signal from the same measurements with thresholding 

parameter  These algorithms are initiated with the 

best chromosomes found in the initial population. The 

normalized mean-square-error(MSE) is determined at  

iteration as  

                                      (10) 

 

 

Input: Sensing matrix  , measurement vector , sparsity level S, population size N, thresholding parameter  for 

modified PCD only 

Output: An S-sparse vector  

1) Population Generation: Randomly generate N chromosomes  

 and  

2) Fitness Evaluation of parents & Sorting: Evaluate the fitness of each chromosome based on (3) and sort them in the 

descending order (the lower the fitness, the better the chromosome) 

 

 

 
With  

 

 
3) Modified PCD: If remains the same during the specified consecutive iterations then execute: 

 
is a randomly selected chromosome from sorted population 

 is randomly generated vector. 

randomly generated number 

 
 

4) Cross over: offsprings of size half of  the population are generated in random fashion: 

 

 

 
 

5) Fitness Evaluation of children & Sorting: Same as step-2 but executed for offspring. 

 

 

 

 
6) New population: Generate new population using half of the best parents and all children.  

 
Repeat (2) - (6) until the stopping criteria meet.  

7) Output: The chromosome with best fitness is the candidate solution  

Figure-1 

The proposed hybrid genetic algorithm for sparse signal recovery 
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Results based on various parameters are shown in the Figures. 

Figure-2 depicts the slow convergence problem of GA. The 

modified PCD algorithm is not accessed during the first 30 

iterations so the value of the cost function decreases in the same 

way for both algorithms. After 30
th

 iteration, modified PCD is 

randomly used by the GA to decrease the fitness of a 

chromosome when required thus accelerating the convergence. 

The correlation, MSEand fitness values achieved for the 

reconstructed signals are given in table-1.  

 

Table-1 

Parameters achieved by PCD, GA and proposed algorithm  

Algorithm Used Correlation MSE Fitness 

PCD 0.8752 0.2516 2.4620 

GA 0.6102 0.6276 11.9948 

Hybrid GA 1.0000 8.0656e-06 1.5115e-04 

 

Figure-3 shows the performance comparison of the hybrid GA, 

SSF and PCD in terms of mean square error computed through 

(10) clearly indicating that the proposed algorithm is 

reconstructing the signal more effectively as compared to the 

other two algorithms. 

 

Figure-4 shows the signal approximation using PCD alone while 

Figure-5 depicts the signal reconstruction of GA for the same 

number of iterations. The sparse signal recovery with the 

proposed hybrid GA shown in Figure-6 indicates that not only 

the support of the signal is recovered accurately but also its 

magnitude is approximated to an acceptable limit. 

 

Conclusion 

The direct application of genetic algorithm to solve the sparse 

signal reconstruction problem has the issue of slow and 

premature convergence. However, using a local optimizer with 

GA can easily overcome this inefficiency. Incorporating sparsity 

constraint handling in GA is also challenging. The 

proposedalgorithm uses a modified version of PCD with direct 

sparsity constraint handling for sparse signal approximation to 

address these issues. The simulation results show that the 

proposed hybrid genetic algorithms can recover the sparse 

signal accurately from less number of samples. For a fixed 

number of iterations, the reconstruction accuracy of hybrid 

algorithm is better than the recovery of GA and PCD.  

 

A lot of work can be done to improve the performance of GA 

for sparse signal recovery. One way will be to devise a smart 

method of mutation to address the conversion issue of GA. 

Performance of GA integrated with other optimizers such as 

SSF and FISTA can be explored as well. The analysis of the 

algorithm under noisy cases can also be investigated. 

 
Figure-2 

Improvement in convergence of GA using proposed method 
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Figure-3 

Comparison (based on MSE) of proposed hybrid GA with SSF & PCD 
 

 
Figure-4 

Signal reconstruction through PCD 
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Figure-5 

Signal reconstruction through GA 
 

 
Figure-6 

Signal reconstruction with the proposed algorithm 
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