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Abstract

The characteristic function of three-parameter Weibull distribution is also derived independently and the moment generating
function (MGF) is deduced from it. It generates all the moments of the distribution and satisfies the tests to verify a function
to be a characteristic function. Expressions for mean, variance, skewness and kurtosis are also obtained from MGF.
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Introduction

The characteristic function has many useful and important properties which give it a central role in statistical theory. It has great
theoretical importance and also yields many valuable results in the theory of sampling'. The characteristic function is also known
to be the inverse Fourier transforms of the probability density function.

Muraleedharan et.al’ derived the characteristic function of two parameter Weibull distribution. Here another expression for the
characteristic function (CF) of three-parameter Weibull distribution is derived independently and the moment generating function
(MGF) is deduced from it. When the location parameter tends to zero, the CF of three parameter Weibull distribution tends to the
CF of two parameter Weibull model form. Expressions for mean, variance, skewness and kurtosis are also obtained from MGF.
Mathematical Derivation of The Characteristic Function of Three Parameter Weibull Distribution

The characteristic function of three parameter Weibull distribution is given by (Al‘ ) = E[CXI{il‘X)] (@€))

E-usual expectation operator, X- Weibull random variable, i =+ —1 t-any arbitrary real constant

The probability density function of three-parameter Weibull distribution is given by

A
f(x)dx:ﬂ(x_ﬂ] exp _(x—,u] dx, [t < x < o @

o o

Where, u, o, A >0, are respectively the location, scale and shape parameters of the distribution. Its cumulative distribution

function is given by

A

F(x)zl—exp _(x;,u] 3)

The characteristic function is mathematically derived as

qo(r):E[exp(zfX)]=Zexpmx)f(x)dx @
= ojocos(t)c) fx)dx + iTsin(tx) f(x)dx
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Integrating the I expression by parts, =

i A
o}’cos (tx )f (x)dx = cos (t/t )— c})t sin (tx )exp - ( - A j dx A
yii i o
Now integrating the I expression by parts =>
i A
io})sin (tx )f(x)dx = i sin (ty)+0j?it cos (tx )exp _(x—/l) dx B
u i o
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A+B = Tleos (i) + isin ()] f (x)dx = exp (it )+

r
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X—H
Putting =y and integrating leads to the characteristic function of three parameter Weibull distribution, ¢ (t):
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Where
|
rC,y = —— ©6)

n !(r-n)!

The derivation is complete and the expression is new. The methodology is direct and elegant. Its expansion will be of the form
e ()] 2lr () (2 (D)
it|T|—=||-t“u|T|=|+| = || =|]|-
it 12 u? c 4 4 # 4
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7

It also satisfies the tests to verify whether a function is a characteristic function™*. Ie., i. That ¢ (f) must be continuous in 7, ii. That
@ () is defined in every finite ¢ interval, iii. That ¢ (0) =1, iv. That ¢ (¢) and ¢ (-f) shall be conjugate quantities.

When u (location parameter)—0, then

1) 262 2\ e’ 3
¢(t)=1+it0'F 1+z - rf1+— (- Ti1+—|+.. (8)

2! A 3! A

Or
2 (ita)r r
¢(t)—r§07r 1+; )

Expression 9 is the characteristic function of two parameter Weibull distribution' 2. Ie. When u—0, CF of three parameter Weibull
distribution tends to CF of the two parameter model.

Discussion

In many cases, the moment generating functions (MGF) can be easily deduced from characteristic functions. Ie. by arranging it=6,

oo r+1 n
M (0)=explon)+ > 3 QMM (EJ s (10)
}“r:O r! n=0 "'\H4 A
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which is the moment generating function of the three parameter Weibull distribution. M () can generate all the raw moments of
the distribution. Ie

o[ ]
0=0

do"
(11)
,u,; - n™ arbitrary moment or n™ raw moment. Accordingly
' 1
Mean = My =,u+0'1"(1+zj (12)
, 12 2 2 2 1
Var ()= ply =iy —=\pty) =07 | I} 1+ —|=17| 1+— (13)
A A
yz 83— 3818 +2g3
Skewness = 3 _°%3 152 1 (14)
(u, 2 2}
Ho (g2 -8 )
yz 84 —48183 + 68 g2—3g4
Kurtosis = 4 __ 24 1°3 2°1 1 (15)
(4 (e, - 52
) 82 ~ 81
o, 13 and py are the central moments. The variance of two and three parameter Weibull distributions are the same.
' 3 2 2 3
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' 4 3 2 2 3 4
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Conclusion

The three parameter Weibull distribution is widely used in extreme event modeling. Hence it’s CF is derived and it satisfies all the
conditions for a function to be a characteristic function. It is able to generate all the moments of 3-parameter Weibull distribution
from its MGF. Hence expressions for mean, variance, skewness and kurtosis are also obtained from MGF.
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